A system is presented for the automated reconstruction of complete 3D models of arbitrarily shaped objects from multiple 2.5D range images. The system enables reliable reconstruction of 3D models of complex objects. This is achieved without a priori knowledge about the object to be modelled. Potential application domains include reverse engineering of 3D models for graphics and CAD. Geometric fusion is achieved by integration of multiple range images into a single 3D implicit surface representation. The implicit surface provides a framework for integration of redundant overlapping measurements to obtain consistent reconstruction of the local surface geometry and topology. Triangulated 3D models are reconstructed using an implicii surface polygonisation algorithm. Standard techniques such as Marching Cubes are computationally expensive, require all data a priori and result in inefficient representations. A new surface based implicit surface polygonisation algorithm 'Marching Triangles' is presented to overcome the limitations of previous volumetric approaches. Marching Triangles uses a local 3D constraint to construct a Deluanay triangulation of a manifold surface in 3D space. This approach enables dynamic integration of new data, efficient representation and reduced computational cost. An approximate volumetric representation is used for efficient evaluation of the implicit surface. Results are demonstrated for the reconstruction of models of complex objects.
INTRODUCTION
Automatic reconstruction of integrated 3D models from multiple 2.5D range images is a primary goal of recent research in both computer graphics [6, 101 and machine vision [9, 8, 51 . Integration (or fusion) is required to overcome the occlusions inherent in a single 2.5D range image. To reconstruct a complete 3D object model it is necessary to integrate range images taken from multiple viewpoints. Model reconstruction consists of four key stages: data capture of 2.5D range images from multiple viewpoints; registration into a common coordinate frame; fusion into a single 3D model and model optimisation to obtain an efficient representation to a specified precision. Model reconstruction The goal of surface reconstruction is to estimate a manifold surface s' that approximates an unknown object surface S using a sample of points X = {&, ..., Z N -I } in 3D
Euclidean space 3 = (x,y,z), combined with knowledge about the sampling resolution A 2 and the measurement confidence p ( S'/Z3). Geometric fusion of multiple range images requires the integration of set of overlapping measurements X , for j = O...m -l . Range image measurement points 2123 are constrained to lie on a 2D reference grid (z,j).
The range image structure defines the adjacency between measurements which can be used to estimate the topology of the object surface S. Given a method we want to be able to specify conditions on the original surface S and samples X, that allow S' to be a reliable model. The sampling resolution Ai? imposes a lower limit on the feature size that can be reliably reconstructed.
IMPLICIT SURFACE BASED GEOMETRIC FUSION
The implicit surface provides a framework for fusion of both geometric and topological information introduced in [5] . Geometric fusion is achieved by combining multiple overlapping measurements to form a 'consensus geometry'. Redundant measurements are combined according to their relative measurement confidence. ping measurements. Reliable fusion is achieved by ensuring that fused measurements have consistent local surface geometries. The resulting implicit surface is a piece-wise continuous representation of the object surface. Fusion of local surface topology information is achieved by integrating surface continuity information from individual images. The local surface continuity is estimated for a single image by a step discontinuity constrained triangulation in the 2D image plane. Object surface topology is defined by explicit representation of the integrated surface boundary. The implicit surface correctly represents objects with complex geometry and holes.
Implicit Surface Representation
An implicit surface is defined as the zero-set of a scalar field function f(d) = 0. The aim of representing a set of surface measurements, X = {& .... ZN-~}, as an implicit surface is t o construct a smooth field function, f(Z), such that the zero-set approximates the data X as closely as possible. A piecewise continuous implicit surface function for multiple range images is presented in this section. This is based on the integration of multiple overlapping 2.5D triangulations. Accurate representation of surface geometry is achieved by combining overlapping measurements according to their confidence. Boundary information is integrated from multiple meshes to obtain an explicit representation of the measured surface topology.
Meshes, M i , are initially constructed from each range image using a step discontinuity constrained triangulation, [8, 9, lo] .
Step discontinuities occur in the 2.5D range image due to occlusion.
Step discontinuity constrained triangulation assumes that the measured surface, 
The zero-set of the field function, f(Z), for a single mesh, M , is thus a piecewise continuous function with the same topology as the mesh. The implicit surface representation for a single mesh is illustrated in Figure ? ?(a) for a 2D cross section.
Fusion of Multiple Images
Integration of multiple range images requires the construction of an implicit surface function based on multiple over- . This is achieved by first evaluating fh(.') for each individual mesh and then integrating them using a simple set of rules based on local surface geometry:
1. Evaluate the signed field function, f k ( Z ) , and boundary 2. Find the nearest non-boundary mesh point,
turn the nearest boundary point, bk(Z) = 1:
4. Else find all non-boundary points, b k ( 2 ) = 0, with the same orientation as the nearest point, fmin(?): 
This set of rules enables the integration of overlapping meshes to define a continuous zero-set of the field function, f(Z) = 0, in all regions where a mesh is continuous and non-zero elsewhere. The rules account for the special cases of two overlapping surfaces with different orientations and multiple overlapping surfaces.
Step (3) explicitly defines mesh boundaries, b(Z) = 1, providing an integrated representation of the local surface topology. Steps (4-6) eliminate ambiguity if there are multiple overlapping meshes corresponding to different surface regions. This enables correct representation for surface regions of high curvature and different surfaces in close proximity. The weighted average of nearest points, step ( 7 ) , enables smooth integration of overlapping meshes using estimates of measurement confidence or blending functions, [ 5 ] . The 'Marching Triangles' implicit surface polygonisation algorithm is introduced to address the above limitations. Local operations in 3D space triangulate the implicit surface according to a 3D Deluanay surface constraint. This constructs a manifold surface triangulation with the same topology and geometry as the implicit surface. Efficient representation is achieved by the Delaunay constaint which ensures a uniform distribution of triangle shape. Dynamic integration is achieved as Marching Triangles constructs a new triangultated model from a seed model. In addition Marching Triangles is a surface based algorithm resulting in lower computational complexity.
Marching Triangles Theoretical Background
The aim in this section is to define the basis of a local 3D procedure for constructing a triangulated model, M , of an unknown object surface, S. We define a 3D suface based constraint for the Delaunay triangulation of a manifold surface, S.
The 3D Delaunay triangulation of an arbitrary point set X = ( 2 1 ... z 2 . . . z~} is composed of tetrahedral volumes, T(x,, x 3 , x k , 21). Such that there exists a sphere which passes through each vertex, x, of T which does not contain any other interior points of X . In the case where the points, X , lie on a manifold surface, S , Boissonnat [l] derives the following important property. The manifold surface triangulation represented in the 3D Delaunay triangulation is defined by the condition that it is composed of triangles T ( z , , z3, %k) such that there exists a circumsphere passing through each vertex, x , that does not contain any other interior point of X . This result defines a 3D triangulated manifold surface which correctly represents the measured surface geometry and topology. The manifold surface triangulation defines an optimal geometric structure which is symmetric, isotropic and closely related to the metric of the surface. In particular the triangulation maximises the minimum angle of any triangle. This is the 3D analogue of the 2D Delaunay triangulation of a point set where the points, X , lie on a manifold surface in R3 rather than R2.
The above definition of the manifold surface approximation can be used as the basis for deriving a 'surface-based' approach to model reconstruction. Given a partial model, M', of the surface we define a local procedure for adding triangular elements to the model boundary. We define a local constraint based on the properties of the manifold surface triangulation represented in the 3D Delaunay triangulation: This constraint is illustrated in Figure 2 . This constraint is sufficient to guarantee that each triangle, T , in the resulting model, M , uniquely defines the local surface. Hence, building a model using this constraint guarantees that the local surface does not over-fold or self-intersect. In addition by imposing a constraint that ensures the surface is locally Delaunay we ensure that the resulting triangulated model, M , is globally Delaunay, Fortune [3] .
The circumcenter in the triangle plane, C T , is taken as the fourth point required to define il sphere for each triangular element. A local 3D Delaunay manifold surface is guaranteed provided the triangle, T , satisfies the condition that no part of the existing model is inside an arbitrary sphere passing through the three triangle vertices, [l] . Defining the sphere about the equi-distant point in the element plane enables this constraint to be satisfied. If different surface regions are in close proximity the sphere about the center, CT, may intersect another surface region but still give a valid local triangulation. The condition that parts of the existing model, M', with opposite orientation may intersect the sphere allows complex geometries to be modelled. The 3D Delaunay Surface Constraint guarantees the correct local surface geometry where surface regions are in close proximity.
Marching Triangles Algorithm
An implicit surface triangulation algorithm can now be developed based on the local 3D constraint defined in the previous section. The algorithm proceeds as follows. Firstly an initial seed model, M = M O , is defined. This may be either a single triangular seed element or a previously constructed model to which we wish to incorporate new measurements.
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(a) add E , , , to M . The mesh growing algorithm defined above enables angulation of a manifold implicit surface of arbitray topology and geometry. New mesh vertices must correspond to non-boundary points on the implicit surface, step 3a). This constraint ensures that the measured surface topology is correctly reconstructed. Explicit representation of the implicit surface boundary enables this constraint to be implemented, section 2.
Step (3b) ensures that the llocal model geometry corresponds to the implicit surface geometry. This is required where the estimated vertex posiition, xproj, may erroneously correspond to a different part of the object surface. This may occur for thin object parts ,with the simple estimation scheme of step (1).
Step (6) 
VOLUMETRIC REPRESENTATION
The computational cost of implementing any implicit surface polygonsisation algorithm is dependent on the the cost of evaluating the field function, f(z). Typically for range image integration the number of evaluations is of the order lo6 resulting in significant computational cost. Direct implementation of the mesh based implicit surface presented in section 2 requires evaluation of the nearest mesh point for each mesh. Efficient data structures based on spa.tia1 subdivision [5] reduces the nearest point search to a linear time operation. However, evaluation of the field function for multiple overlapping meshes requires multiple nearest point evaluation. Recently Curless et al. [2] proposed an approximate volumetric implicit surface representation. The field function f(z) is pre-computed at points on a regular 3D grid X i j k that are close to the surface I f ( z i j k ) l < d,,,,.
Multiple range images are integrated into a single representation using a weighted average to combine overlapping measurements. Evaluation of the field function for implicit surface polygonisation is reduced to a single lookup operation. Pre-computation of the implicit surface field function reduces the computational cost of model reconstruction by several orders of magnitude. Limiting the pre-computed field function to a band close to the implicit surface and evaluation at discrete grid values reduces the storage costs. Volumetric representation and fusion is illustrated in Fig 
tri-
The discrete volumetric representation proposed by Curless et al.
[2] results in several limitations. The discrete representation of the field function results in approximation of the surface geometry which is dependent on the voxel resolution. This requires a compromise between geometric accuracy and storage cost. Provided the resolution is less than the measurement noise level. this is not a significant limitation. Previous mesh based representations enabled exact evaluation of the field function f (z) for an arbitrary point 2 [5] . Geometric fusion of overlapping measurements is based on distance. This approach will fail for complex object geometries due to the fusion of measurements from different surfaces such as thin object surface, crease edges and regions of high curvature. This limitation is observed by Curless et al. [2] and a hole filling scheme is introduced to correct errors introduced.
The implicit surface scheme introduced in [5] , section 2, gives reliable geometric fusion of complex objects by ensuring consistent local surface geometry. The rule based approach uses information about the orientation and uncertainty of overlapping measurements to determine if they correspond to the same object surface. In this work the discrete volumetric representation [2] has been extended to allow reliable geometric fusion with reduced computational cost.
During pre-computation of the volumetric representation in addition to the signed distance function f and weight w we store information on the local surface orientation nnln, fopposzte and nopposzte. This enables geometric fusion based on local surface constistency using the algorithm presented in section 2.2. This overcomes the limitations of previous discrete volumetric representation [2]. Evaluation of the field function for implicit surface polgonisation requires a single lookup operation. The storage cost is increased by a factor of three compared to the previous representation. Use of run-length encoding [2] limits storage costs to an acceptable level.
RESULTS
Results of the Marching Triangles integration algorithm for four objects are shown in Figure 4 . Each data sets contains approximately 10 range images. The telephone' and bunny' images were previously used to demonstrate the mesh zippering integration algorithm, [lo] . The teapot2 and soldier' data sets were previously used to demonstrate the integration algorithm of Soucy et al. Figure 5 . Both algorithms are applied at the same spatial resolution, Ax. The Marching Triangles algorithm uses a Deluanay surface constraint resulting in a uniform distribution of element shape. Marching Cubes uses a voxel based structure which results in non-uniform element shape. The number of triangles in the reconstructed model is approximately three times less for Marching Triangles relative to Marching Cubes for the same geometric accuracy.
CONCLUSION
In this paper we have presented a system for integration of multiple 2.5D range images into a single 3D model. Results are demonstrated for the reliable reconstruction of 3D models of complex objects. Models are reconstructed without a priori knowledge about the object. The new integration algorithm eliminates geometric limitations inherent in previous approaches.
images into a single implicit surface representation. Accurate representation of surface geometry is achieved by comGeometric fusion is achieved by integrating muliple range bining overlapping measurements according to measurement confidence. Complex object geometries are correctly represented using a local rule based integration algorithm. hsion of local surface topology information is achieved by explicit representation of surface boundaries.
The Marching Triangles algorithm is used for implicit surface polygonisation. This algorithm reconstructs a Ileluanay triangulation of a manifold surface in 3D space. This approach has several advantages over previous implicit surface polygonisation algorithms such as Marching Cubes. The resulting triangulated model is an efficient representation due to the uniform distribution of element shape imposed by the Delaunay constraint. The computational cost is reduced by a factor of 3-5 compared to previous approaches as the algorithm is surface based. This approach enables dynamic integration of new data into an existing model.
An approximate volumetric representation is used to achieve efficient implementation of the geometric fusion and model reconstruction. The volumetric represenation used extends the volumetric representation proposed in ['2] to enable reliable integration using the rule based geometric fusion algorithm. The use of an approximate volumetric representation enables several orders of magnitude reduc--in computational cost.
